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Abstract 



The three approaches to jet bundles presented in the first part of the 
paper are shown to be equivalent, as far as coordinates are available. 



1 Introduction 

In this second part of the paper, we are concerned with the three approaches 
to jet bundles in [3] within the context where coordinates are available, namely, 
E = WP +q : M = W, and it is the canonical projection. We let i (j, resp.) range 
over the natural numbers between 1 andp (between 1 and q, resp.), including the 
endpoints. It is shown that, within this traditional context, the three approaches 
are essentially equivalent. The traditional coordinate approach to jet bundles is 
given a noble description after the manner of [TJ in §3, where the affine bundle 
theorem is established on these lines. Our three approaches are related to this 
traditional approach in §4, §5 and §6 in order. In particular, the affine bundles 
in the second and third approaches are shown to be isomorphic to that in the 
traditional approach. 



2 Taylor Representations 

The following results are merely special cases of the general Taylor-type theorem 
such as seen in [2] (Part III, Proposition 5.2). 

Proposition 1 Any /£l p ® Wd„ is of a unique Taylor representation of the 
form 

5 eR i — > (x l ) + 8(y{) + 5 2 {y l 2 ) + ... + 5 n (y l n ) E W 
with (^),(yi),(^),-,fe) ^W. 
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Proposition 2 Any /£l p ® Wd™ is of a unique Taylor representation of the 
form 

n 

r=l l<fc!<...<fc r <n 

with (^.(^...Jer 

Proposition 3 ^4nj/ / € M p CE> Wd(„) is of a unique Taylor representation of 
the form 

m 

pi, * B ) e K n — E ^-^(i,..,*J er 

r=l l<fci<...<fc r <n 

with M,fe 1 ,...,, r )eM ? . 

3 The Basic Framework with Coordinates 

This section is inspired much by [T]. 

3.1 The Basic Framework 
Notation 4 We denote by J n {it) the totality of 

-{EE® W D(p)n 

such that 

(tt ® id WD(p) „ ) (7) G M ® W D(p)n 
is degenerate in the sense that 

(tt <g> idw D(p) J (7) 

- (id M <8 Wfl (p) ^i) (7') 
/or some 7' G M ® Wi = M. 
Notation 5 FFe denote by S n (iv) the totality of 

teE®W D[p+nCn+l) 

such that 

(tt ® idw D(p+nCn+i) ) (t) G M ® W D(p+ „c„ +1 ) 
is degenerate in the sense that 

H id w D(p+ „ c „ +l) )W 
- (idM®Wi,( p+B c B+I Hi) (0 
for some t' G M ® Wi = M. 



2 



Remark 6 1. Each 7 e E®WD( P ) n can be identified unquely with a sequence 

ix ,... 7 x p ,u , u 9 , x ix , x ix j 2 , x ix j 2 j , u\ , u\ : , u\ i 2 i n ) 

\ / i<i 1 <i 2 <...<i n <p 

of real numbers at length 

p + q+ (p + q)p+ ... + (p + g) p+ „_i C„ 
in i/ie sense iftai i/ie Taylor representation of 7 is 

(<fi, <5 P ) £1M (a; 1 , .., a*, u 1 , u«) + ]T (4 , < , < , <) ^ 

i<«i <p 

+ { x ii,i 2 > •"' ^ii,^' U H,»2' ■"' ^1,12) ^*i^*2 + ■•■ 

l<il<22<P 

+ X] ( x ii,i 2 ,...,i„i "•' a; i'i,i2,. ..,»„' U <i,»2,-.*n' •••> U ii,*2,. ■■>»«) ^»1^*2— 

l<ii<z 2 <...<i n <p 

G 



2. EVzc/i V e J n {i{) can be identified uniquely with a sequence 

{■ r •<<, < ),,.,...,,. , 

0/ rea/ numbers at length 

P + q + qp+ ••• + g P +n-iC„ 
in i/ie sense i/iat i/ie Taylor representation of V is 
(Ji,...,5 p )eR p H. ( iB 1 ) ...,s»',u 1 ,...,u«) + £ (0, ...0, <,-,<) ^ 

l<ii <p 

+ ^ (0,...0,n 4 1 liJ2 ,...,n« i , 2 )^ 1 ^ 2 + ... 

+ ^ (0,...0,uJ lii2) ... )in ,...,u? )i2) ... iin )5 il 5 i2 ...5 in 

5. Each t e £ ® W/5( p+rl c„ + i) can ^ e identified unquely with a sequence 

(x ,...,x p ,u , n 9 , x ilti2t tin+1 , a; i ll i 2l ... l i n+1 ) u i 1 ,i 2 ,...,i n+i; — j u ii,» 2 ,...,»„ + i) 1<ii<i2< 
0/ rea^ numbers at length 

P + q+(p + q) p+n C„+l 



in the sense that the Taylor representation oft is 

(^H,i2,...,»»+i)l<i 1 <i 2 <...<i n+1 <p 

E R(p+" C " + i) ^ ( x 1 ,...,x p ,u 1 ,...,u g ) 

+ ( X i 1 A 2 ,...A n+1 i •••J X ii,i 2 ,...,i„ + i' M ii,i2,---,ir 1 + l' ' - ' ' U ii M ,---,in+l ) ^*ii»2,---,»n+i 

l<ii<i2<...<i n +i<P 

^. _Bac/i a; G 5" +1 (7r) can be identified unquely with a sequence 
(z\...,a^u\...,^4 ji2i ... iin+1 ,...,<^ 
0/ rea/ numbers at length 

p + q + q p +nC n +i 
in the sense that the Taylor representation of lo is 

^0, ...0, u il)i2j _ )in+1 , u t 1: i 2 ,...,i n+1 ^ ,12,...,^ 

l<Zl <22<---<^+l<P 

Notation 7 Since D(p) n C D(p) n+ i, tfeere is a canonical projection E®Wd{ p )„ +1 — > 
£ , ®H , £)(p) n; w/wc/i restricts itself naturally to J n+1 {n) — > J n {it). Both of them 
are denoted by 7r n +i )Tl . We /iai>e 

"n+l," ' U ' U? > ^1 ' a; il,*2,->»n' X il,l2,- ..,»»+!' ""' U l,»2,-.*n' U il,*2,...,»n + l) 

= ( a;1 ' — j^j W 1 , l2 , •■•>^i 1 ,i 2 ,...,i n ! W^jM^^, ...,ttj 1|i2) ... )in ^ 



„ ( X 1 , X P , M 1 , It 9 , U; , ■ ■ ,U; ■ ■ ] 

\ ' 1 " " ' ' ii ' 1 Zi,l2;.")^n 31 ,Z2v)*n+l / 



3.2 The Affine Bundle Theorem within the Basic Frame- 
work 

It is easy to see that 

Lemma 8 The diagram 

D (p)n ip(p) n ^D(p) n + i D(p)n+i 

l D(p) n ^D(p) n+1 I ^ I *D(p) n+1 

D(p) n+1 ®D( P ) n+1 D(p) n+1 ®D{ p+n C n+1 ) 
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is a quasi- colimit diagram, where 3>r>( p ) n+1 is the canonical injection of D(p) n+ \ 
into D(p) n+ i © D ( p +nCn+i) , and ^D(p) n+1 * s the mapping 

(di,...,dp) G D(p) n+1 i ^ (di,...,d p ,d" +1 ,d™d 2 ,...) e D(p)„+i ©D( 

with the sequence d™ +1 ,d™d 2 , ... being that of dk 1 dk 2 --.dk n+1 's (1 < fci < fc 2 < ... < fc„+i < n + 1) 
m lexicographic order. 

This implies at once that 

Proposition 9 Given 7+, 7- G £ ® WD( p ) n+1 wif/i 

(id B ® W lD(p) ^ D(pWi ) ( 7+ ) = (id B ® W iD(p)n ^ D(!))n+i ) (7-) , 
i/iere exisfs unique 7 G .E <8> W£>( p ) n+1 0.D( p+n c n+ i) 

(id B (8) W* d(pWi ) (7) = 7+ and 

(id£®W* D(l))B+i ) (7) = 7- 
Notation 10 Under the same notation as in the above proposition, we denote 

(id B ®WH D(p)n+1 )(7) 

by 

where Sjjn : D ( p+n C n +i) — > D(p) n+1 © D ( p+n C n +i) is i/ie canonical injection. 
Remark 11 Given 



7+ 



7- (2/ 7---j2/ P : v ) ■•■) 3/i x > Vii,i2 ' •"' yii,i2,...,i n +i ' "»i ' V ii,i2 ' '"' ^*i,*2,-")*n+i 

G £® W D(p) „ +1 , 
we /iaue 

(id £ ® W iD(p)n ^ D(p)n+i ) (7+) = (id B ® Win (p)n ^n Mn+1 ) (7-) 
, x p , u , ...,u q ,x tl ,x ili2 , 1^^^,,.^,^ , *4 1)i2 , U i 1 ,i 2 ,...,i n ) 

— (y t--tV P i V )•■•! 2/ii I J/»i,i 2 ! ■"' f»l,»2, ■■■,*n' W U ' W *l,*2' '"' U *l,»2,...,*n) ' 

m w/izc/i we gei 

7+-7- 



1 Q 

— 7; . . . 7/7 — 7;^ 

l2,.-»*n + l *l,*2j...j*n+l' '" 1 *i ,*2 )••• j»n + l *1 j»2,--»*n + l 
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From the very definition of — , we have 

Proposition 12 Let F be a mapping of E into E' . Given 7+,7_ € E 
W D( P ) n+1 with 

(ids ® W iD(p)n ^ D(p)n+i ) ( 7+ ) = (ids ® W iD(p)n ^ D(p)n+i ) (7-) , 

we have 

(ids' ®W iD(p)n ^ D(p)n+i ) ((F®id WD(p)re+i ) ( 7+ )) 
= ( id *' ® W* D (p)„- D (p) B+1 ) id w D(P ,„ +1 ) (7-)) 



(^® id w D(p+ „ c „ +l) )(7 + -7-) 

= (F®id WD(pWi ) ( 7+ )- (F®id WD(p)n+i ) ( 7 -) 

Lemma 13 The diagram 

1 H^p( p+n c n+1 ) D( p+n C n+ i) 

D(p) n +i $ £>( P )n+i L>(p)„+i ©D( p+ „C n+ i) 

is a quasi-colimit diagram. 

This implies at once that 
Proposition 14 Given t s £7 ® Ws( p+ „c„ + i) 7£^® VV£>( p ) n+1 wii/i 

(id £ ® W^ D(p+nCn+i) ) (t) = (id E ® W^ D(pWl ) (7) , 

t/iere exists unique 7' G E 1 ® Ws( P )„ +1 e-D( p+ „c„ + i) w ^ 

(ids®W HD(p)n+1 ) (7')=* and 
(ids®W^ (p)n+1 ) (V) = 7 . 
Notation 15 Under the same notation as in the above proposition, we denote 

(ids®W^ (p)n+i )( 7 ') 

by t+7. 
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Remark 16 Given 

T = t--i xP > u > a;^, 2^2, ...,j n+1 , Wfj, — > u ii,i 2 ,...,i n+ i) 

and 

t=(v 1 u p w 1 w 1 i/ p w 1 - - ^ 

l» )•">!/ ' ! •"! 17 ) »»i,*2i---|tn+l' "*' ftli»2,-")*n + l' *1 >*2 ,---,ln + l ' '"' »1 ,»2 , • • • ,»n+l ^ 

we have 

(id E ® W il ^ D(p+BOB+i) ) (t) - (id B ® W^ d(j()b+i ) (7) 

iff 

in which we get 

— (x ,11-* jX^, ...,X ilti2t ...,»„) 2^ ,i 2) ...,» n+1 + y*l,*2,...,»n+l' U *l' •■•' U ii,»2,."i»n' U *'i,t2,.".*n+1 ,*2 .■■■,»n+l 

From the very definition of +, we have 

Proposition 17 Le£F 6e a mapping of E into E' . Given t G £®Wn( p+ll c„ + i) ana " 
7 G E <g> VVr)(p) n+1 uratt 



)(t)=(id E ®W il ^ D(pWi )(7), 



have 



= (id*, ® W 4l ^ (pWi ) ((E®id WD(pWi ) ( 7 )) 

and 

(F ® idw D(p)n+1 ) (i+7) = (> ® id w D(p+nCn+i) ) (t) + (> ® idw D(p) „ +1 ) (7) , 
Now we have 

Theorem 18 The canonical projection id.E®VVi D(p)n _ >I}(j>) : E®Wi)(p) n+1 — ►i?<8) 
W£)( p ) n is an a^ne bundle over the vector bundle (E (g> W,d( p+ „c„ + i)) ±x (E ® VV£>( p ) n ) — ► 

Theorem 19 77ie mapping TT n+ i in : J"" +1 (7r) — > J n (n) is an affine bundle 
over the vector bundle 5 Il+1 (7r) x J n M -> i7 n (7r). 
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4 The First Approach with Coordinates 

Definition 20 We define J l$ : J 1 ^) -> J^tt) to be 

= [SeR^ {x\...,x p ) + (y\...,y p )5 eWL p ] G (M®W D ) (ll „, ^ 

Remark 21 It is easy to see that the right-hand side of the above formula 
belongs to J 1 (7r). 

Theorem 22 The mapping Oji$ ■ J 1 {it) — > J 1 (tt) is bijective. 

Remark 23 This gives a coordinate description o/J 1 (7r). 

Now we are going to consider 3 2 (tt) = J 1 (7Ti), which has a coordinate de- 
scription as follows: 

= [S G R h-j. (a; 4 ) + (y l ) 5 G R p ] G (M ® W D ) (xi) ^ 
(5 G M n> (,■'.,/■'.< ) + (y\ £ <y 12 ' E <;i 2 ^ 2 J 6 e W+q+P9 

\ »2 = 1 »2 = 1 / 

e(S®W D ) (xi; „, ;<) , 

for which we get 
Proposition 24 We have 

(x 1 ,u j ;m^;u^ 2 ,m^. 42 ) G J 2 (tt) 

iff u i = u ;i / or all 1 < i < p and all 1 < j < q. 

Proof. It is easy to see that (x 1 , w J , u^u^u^.^ G J 1 ('?ri) is 7ri j0 -relatcd 
to (x\u j ,uQ eJ'fir) iff 

v? + S^ lV ^ t2 = v? + 5^l =1 y^ul (1 < j < q ) 
for all (y 1 , ...,y p ) £ R p and all <5gE, which is tantamount to saying that 

for all 1 < i < p and all 1 < j < q. This completes the proof. ■ 

8 



Notation 25 Thus the coordinate (x l , u 3 ; v,? ; u 3 i2 , u\ ^ ) £ J 2 (tt) can be sim- 
plified to (x^u^ul^u^.tj. 

Now we take a step forward. 

Proposition 26 Let (x\ u j , u 3 h , u J h . i2 ) £ J 2 (tt). Then (x'.u^u^^.jj £ 
J 2 « iff 

j j 

U *i;»2 ~~ U i2-,ii 

for all 1 < ii,i2 < p a^rf «/Z 1 < J < 

Proof. Let 7 € (M <g> Wd 2 )^*)- Then 7 is of the Taylor representation 

(6 U 5 2 ) £ M 2 1 — > (x\ a") + fcfo 1 , tf) + 5 2 {yl ^) + 8 1 S 2 (y 1 12 , tf 2 ) 
= (x 1 +S iy l,...,x p + S iy p ) + h{y\ +<5iy 1 1 2 ,...,yf + <5iy? 2 ) 
= (a; 1 +(5 2 y2,...,x p + <S 2 2/ 2 ) + £1(2/1 + 5 2 y\ 2 , ...,y\ + S 2 y p 2 ) 
£ W 

Let V (x*,uj,^' i ) = (^WXiXi^) and V (x*,^) = Then we have 

tfi 6t4V (li , Ijj) (7(-,0))(5 1 ) 

= 5 1 £ R ^(x* + 5 iy \,yP V>i . < + *i E yi 2 <; l2 ) G W+9+Pq 

ii=l 12 = 1 

while we have 

(fc.fc) G K 2 —> v V(xi uJ)(7( , 0))(5l) (7(<5i,-))(5 2 ) G R p+ « 

_ R2 / + + + «ife»i a . - j + «i Ei 1= i »N + \ 

- ^ " 2) G M ^ I * 2 EU 0* + «) (< + * U=i « J J 

x l + +S 2 y l 2 + S 1 5 2 y{ 2 ,u j + \ 

(5i,5 2 ) e K 2 1 — >• I *iEUtf<+fcEUi#<+ e 

^EU^+^EUEUtf*^* / 

(i) 
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On the other hand, we have 
^£K^V (l , tf) ( T (0 I .))(i 2 )eR^ 

= 8 2 e R + 8 2 y\,v? + 8 2 ^ y>i^j G RP+9 

i »eRHV ( ^ i8{i) (7(o 1 .))(« a )eR^ 

V ii=l ia=l / 

while we have 

(i^ 2 )eR 2 ^Vv (i , uJ)W o,))(y(7(^2))(*i)er +! 

' x l + 8^ + 8^ + 8^^ +8^1=^^^ x 

5i eu (yi 1 + (< + ^ s? 2=1 % 2 < ; 



(8i,8 2 ) G 



1)2 



S182 £*U v>i + £*U Ef 1= i yl 1 ^ 2 

+ 8iy\ + 8 2 y\ + 8 x 8iv\, v? + 

X=i + s i s 2 Ei 1= i Er 2= i 2/ry2 2 < ;J2 



(2) 



Therefore it follows from (JTJ and © that 

(i ll i 2 )6R S ^Vv. ) . W ,o)] (Jl )(7(i l ,-))W6R ,Hi 



«2 



= (fc.fc) G K 1 > V V(x<itti) ( 7 (o,.))(<5 2 )(7(-,<5 2 ))(5i) e 
for all 76 (M(g)W D 2) (:c<) iff 



j j 

for all 1 < ix,i2 < p and all 1 < j < q. This completes the proof. ■ 

Definition 27 Thus we have defined a bijection '■ J 2 ^) J 2 ( 7r ); which 

goes formally as follows: 

(*V,<,< A ) 
= [<5eR^ (a; 4 ) + (y*) 5 G W] G (M ® Wzj) (ib4) h> 

e ( jl W® Wc ) fl f 1 1 «(»^,<) 
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We can go on by induction on n. 

Theorem 28 The mapping : J n+1 (n) -> J Tl+1 ( 7r )> wh ^h is defined 

to be 

(* i .«'.<.<A.-.<<,.....w) 
= [(Seln (i*) + (?/) SeR p ]e (M ® W D ) (iet) ^ 

e j-M I (•'•'•"'•"' • ) + 

eTOkWdU)^ ^ . . } 

6y induction on n, is bijective. 

5 The Second Approach with Coordinates 

Definition 29 We define mappings 9f^T\ : J n (ir) -> 1 D " (tt) as <p n o fl^^ ■ 

Remark 30 Since § D (ir) = J 1 (7r) and 951 is the identity transformation, we 
have 

<) 

= [<5 6 R 1 — > {x l ) + 5(y l ) G M p ] £ (M ® W D ) (<e4) >->• 

p 

ii=l 

With due regard to Theorem [2H it is easy to see that 
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Lemma 31 Given (x\ u j , u 3 ^, u 3 iii2 , u 3 iii2 in+i ^j G J n+1 {ir), we have 

^fnn+i^ { x \ u ^ u i 1 . u Li2 ' U ii,»2,-,*«+i) 

n+l 

(<5 1 ,...,<5„ +1 )eR"+ 1 ^(^) + ^ ^ 4 1 -4 r (2/i 1> ..., fer ) e 

r=l l<fe 1 <...<fe r <n+l 

e (M®W D »+i) (ji) i ^ 

(<5i,...,5„+i) eR" +1 >• 

y7»W / (*^<>-"><,i a ,...,i B ) + 

' ' y {vli+li J2i 1 = l u iiJ/n+l! Z)f n+1 =l u ii,i2,...,i„+ifn+l) 

(* 1 ,..,yer^(f)+ 



Er=l Z)l<fci<...<k r <n ^fci— ^fcr(j/fci,...,fe r + 2/fei,...,fe r ,n+l^n+l) G 

7 2 (V) 

Now we are going to determine ^ D ^^ . 
Theorem 32 Given (x l , v? 1 , , ^ G J 2 (tt), we have 



x- ,v? y^u 3 ^ i2 



,J 2 M (, 
J D2 W V 

= [(8 U 8 2 ) G R 2 + (yj) (5! + (j,*) <5 2 + (y 4 12 ) fcfc G R p ] 

g (M ® W D 2) (ji) i ^ 
(<h,<5 2 ) £K 2 ^ + (y\, £? =1 I/Nj^i + ££=i %X>+ 

(ifo.EUEU + E? 1 =ii/i 1 2 <)*i*2 g 

G (^®Wz32) (xSu3) 

Proof. The Taylor representation of 

((5 1 ,6 2 ) el 2 4 + (j,*) ^ + (i,*) <5 2 + (y 4 12 ) ftfc G 
= (*i,5 2 ) eR 2 ^ 

((•'"•"•'•";:) + [vl E »K, E ,,) ^ 

V V tl = l »2 = 1 / 

(5i e K H. (x* + yiS 2 ) + (y\ + y\ 2 S 2 ) 6 X ) 
G 
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goes as follows: 

\y\ + yi 2 <5 2 , E (< + (E y>i ui2 ) S 2 ) (y^ +y& 2 ) ) 6, 



ii=l \ \i2 = l 



2l — 1 2i — 1 

(^,EE«< )i2 + EyiH» 



i 1= lj 2 =l ii = l 

so that we have the coveted result. ■ 
Generally, by the same token, we have 

Theorem 33 Given (x\u\u\^u\ i i ^...,u\ xM ^ ^ 6 J n {^), we have 

nJ n M 1 i j J J j \ 

'V" (tt) > u ' u ii' "11,12' — ' "ti.ta,. -,iJ 

n 

(*!,...,*„) 6 I* n (a') E 5k 1 -SkM 1 ,...,k r )£l® P 

r=l l<k 1 <...<k r <n 

(,5i,...,5„)eR"^(a; 4 ,^)+ 

Er=i J2i<k!<...<k r <n ^fei— ^fer(yfei,...,fe r iS Si 1= i ■•■ Si s =i yj\---yj s u i 1 ,...,i 3 ) e 

where the completely undecorated^ is taken over all partitions of the set {fci, fc r } mto 
nonempty subsets {Ji, J s }, and if J = {fci, fcf} is a set 0/ natural numbers 
with k\ < ... < </ien ?/j denotes y l ki ... fet - 

Proof. By using Lemma [3l| we can proceed by induction on n. The details 
are safely left to the reader. ■ 



vp+q 



13 



Definition 34 We define mappings 0^ D „\ : S n (ir) — > S I5 "(7r) to be 

U S Dn (Tv) \ X ' " ' a ii,i2,-,in) 

n 

(5 ll ...,6 n )eR n ^(x*) + J2 E ^-4(i JeK" 

e {M®W Dn ) {xi) i ^ 



r=l Kfei<...<fe r <n 



V l<il<. ..<i„<p J 

It is easy to see that 
Proposition 35 The mappings 9g D i^, : <S"(7r) — >■ S D " (tt) are bijective. 
It is also easy to see that 



Proposition 36 Given V = (X 1 ,ui ,u\ ,u\ i2 ,...,u J 
we have 



) V' = (V v-? w J w J «•?*.. )7 n+1 (Tr) 



<*' (V) = <+' (V) 

< +1 (^;Vv))=<«( e p« ( vo), 



m which we get 

Theorem 37 TTie mappings Sfo^J^ : J n {^) — ► S D (tt) are bijective. 

Proof. We proceed by induction on n. The mapping Ofn^ ■ J 1 ^) 

S d (tt) is obviously bijective. By Proposition 1361 and the induction hypothe- 

T n M 
• D "H 

dies from the affine bundle 7r n+ i jn : J n+1 (ir) — > J n {^) over the vector bundle 
S n+1 (n) x J n M -4 J"(7r) to the affine bundle tt„+i „ : J^Vtt) -4 J d "(tt) 

E 

over the vector bundle S D (tt) x J d (tt) —> i D (tt) is an isomorphism of affine 

E 

bundles, so that the mapping 0^, n+ /!^ : i7 n+1 ( 7r ) — > JJ £l " +1 (7r) is bijective. ■ 



sis, [^^yS^^xd^J^ye^^ J gives a morphism of affine bun- 



Corollary 38 The mappings (p n '■ 3 n (tt) ->■ J-° (tt) are bijective 
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Proof. This follows simply from Theorems [35] and [37] and the commutativity 
of the following diagram: 

J n (n) 



6 The Third Approach with Coordinates 



Definition 39 We define mappings Qjo^nL '■ J"^) — > ^D n (^) as ip n °^jD^iy 

Now we are going to determine 0^ D ^^ . 
Theorem 40 Given (a? , u{ ± , u{ x ^ G J 2 {it), we have 



gJ 2 M ( i j J J 



5 e 



1 



[ X i) + (y[)5+-(y i 2 ) S 2 EWP 



G (M ®Wd 2 ) {x , ) ^ 



Proof. The Taylor representation of 



(id M 6> W (dl:d; 



)GD 2 i->-di+d 2 Gr>2/ 



5 e 



(0 + (2/1)^+2(2/2) <5 2 e^ 



is 



(Ji , 82) G M 2 1 — >■ (x 1 ) + (yi) (*i + tf a ) + i (fc + S 2 ) 2 G M p 
= (ft, fc) G K 2 1 — ► (**) + (y*) 5! + (y[) ft + (yl) ftft G M p 
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so that its transformation under the mapping 0^ D 2*^ (x l , u' J , u{ i , u{ i ia ^ is 

(Ji,<5 2 ) eK 2 ^ + (2/1, E i£<)<Ji + (yl E 2/i 1 <)^2+ 

ii = 1 zi = 1 



»1 = 1 »2 = 1 



H = l 



= <5 2 ) £R 2 4 (zV) + (y*, £ tfiX) (*1 + *2) + 

il=l 

^ E E « 2 <,» 2 + E yj 1 <) + 



ii = l «2 = 1 



ii = l 



Therefore we have the coveted result. ■ 
Generally, by the same token, we have 

Theorem 41 Given (x l , w 3 , u\ x , wj 1; j 2 , u l 1 ,i 2 » ) S ^"(tt), we /iawe 

(fW f<r» „J ,r? „■? . ,r? . . ) 



5 e R^(^) + E ¥ (yi) 



fe=l 



e (M ®Wr>J (xi) 



^m^XHE^EE-E^ 



fc=l 



?1 — 1 v — 1 



< ^•4)e r+ ' 



e{E®W Dn ) {xt 



ui) 



where the undecorated ^ is taken over all partitions of the positive integer k into 
positive integers k\, k r (so that k = k\ + ... + k r ) with 1 < k\ < ... < k r < n. 

Definition 42 We define mappings 0gr>i?L : S n (ir) — > S D ™(7r) to be 



2t) (•'•'•"'•< , ) 



&(E®W D )f xi 



k=i 
S 



W + E 

n! ^— ' 

l<ii < . . .<i n <p 



<= (M® W Dn ) {x i) H- 



yi 1 -»i"<,i 2 ,...,i B 
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It is easy to see that 
Proposition 43 The mappings 0§d„7^ : 5™(7r) — > §- D,l (7r) are bijective. 
It is also easy to see that 

Proposition 44 Giweti V = (a;*, , u J h , v?^ , u J il>i2t _ >in+ J, V = (y i , w J ' , v\ x , < , i2 , < , i2 ,.. . >in+1 ) J n+1 (tt) , 

< +1 (V) = < +1 (V) 

m which we get 
Now we have 

Theorem 45 TTie mappings Ofo}*^ '■ J' n ( 7T ) ~^ J Dn (ir) are bijective. 

Proof. The mapping Ofn^) ■ ^H 71 ") — ^ J I? ( 7r ) i s obviously bijective. We 
proceed by induction on n. By Proposition and the induction hypothe- 
sis- ( ^nti ( L\> ^I+wL x ^» ( flv^»fl\ ) § ives a morphism of affine bun- 



j £ '"+i(^)' s D " +1 (^) e ■i D "(") / 
dies from the affine bundle 7r n+1 „ : J"™ +1 (7r) — > 3 n (ir) over the vector bundle 
S n+1 (ir) x J"(vr) -» J"(tt) to the affine bundle ir n+1 n : J^+^tt) -> J D »M 

E 

over the vector bundle E> Dn+1 (tt) x J-°" (it) -» J Dn (ir) is an isomorphism of affine 

E 

bundles, so that the mapping 0^ n+i vl : J n+1 {~x) — > J D " +1 (7r) is bijective. ■ 

Corollary 46 The mappings ip n : $ D (n) — > I Dn (n) are bijective. 

Proof. This follows simply from Theorems [37J and [15] and the commutativity 
of the following diagram: 

J n (n) 

°$ Dn (tt) * * °J D ™ (tt) 

J^(TT) ^ F»(7T) 
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